
Math 565: Functional Analysis
Lecture 25

For a normal operator TGB(H with T = Titite
,
is selfcojoint , if soffices to sinul-

taniously diagonalize T ,
and to ,

so it's enough to prove the following :

Then
. let A ? Bc(H) be a set of commuting compact self-adjoint operators. Then I

ON basis for H consisting of eizen rechers of all of A.

Proof
.
First let's prove this for A = <T

, 3) . By the spectral thepen fr T , H= Ex
and each Ex is finite dimensional. The key observation is Not Ex is

x (p(t)

S- invariant : to x Ex
,
we have T(Sx) = S(ix) = S(xx) = XS(x) so S(x) + Ex

-

Applying the spectral theorem to SlEx ,
we get an ON basic By for Ex consisting

of eigenvectors of 3 .
Thus
,UBx is an ON basis of common eijenrechers for sal e

For general A ,
take a TEA a H= Ex as above

,
the split each Ex maximally

x= Tp(i)
into a direct san of spaces that we common subspaces of eigenspaces for all of A,
details left an an exercise.

lor/Spectral the for compact normal operators) . Every compact normal To BIH) admits
an ON basis of eigenvectors.
Prof

. T= T , +its ,
where T
,
is are commuting self-adjoint compact operators , so

we apply the peer.
then do A := > T

,
inh.

Def. Let Hi
,
He be Hilbert spaces and TiCBSHi) for i = 1

,
2
. We say

let 5, and is

are unitarily equivalent if - unitary U : H- He such ht Te = UT. U·

Lor . Every compact normal TEBA is unitarily equivalent to a multiplication operates
My on

2 (Helim())
,
where Xe

* (Hdim(H) and lim x(i) = 0
.

i ->

>



General spectral theory
.

Spectrum of an operator.

General
,
even self-adjoint , hold operators on Hilbert spaces may not have and

eigenvalues.

Excyle .
Let (X

,u) be a semifinite measure space, i .e . every positive mecise set contains

· positive finite measure subset
.
For any ye L

& IX
,M) , the multiplication op . My

on ((X ,m) admits a XEC as an eigenvalue <=> 4"(x) has positive measure.

Indeed
,
= follows from the fact that if lef = XF Ren If + 03 = 4 W) a .e

.,
while

↳ follows by semifiniteren of e since we can take B-4"(x) of positive finite

measure so Lie("(X,M) and 4 .1 = /Ap.
In particular , if(x,M) = K , lebergue) where R & K compact concomply set,

then the mult. op . My , where
v := idk ,

1
.
e
.
P(x) =X

,
has no eigenvalues

Examples . (a) If dim(X)S4
,
then WITL = Jp(T) by the rank-wallib Morem.

(6) LetH be a Hilbert space and heilies be an ON basic
.

Let To BIN be defined

hy Tei = diei st . linxi = 0 .
10 T is upact . Then Op(T) = /X ;: it Ib .

i -s

However
,
even ifwll x:* O

,
we still have OG(T)

,
in fact Pli) = 90]Wpl).

Indeed
,
T is not invertible (not sujectives becaus otherwise

,
The = diei

,
al

lind. = & so IIT'll = &.
in g

(c) For any multiplication op . My on ((X ,u) for some UE(
*

(
,M) and N,Ml any



measure space , + (My) =

essran (4).

The
.

For
my

Banach
space X

and T&BIX
,
FIT) is a compact monempty subset of K.

In fact
,
IITHO : IITII .

Proof. The inequality ITI : Kill and Rob PCT) is open ,
here (i) is compact, in in

HWG
,
so we onlynigue for WIT) #0 . For his we will need complex analysis of

Banach space valued functions on K.

Def. let =K be open
and X be a Complex Banach space. A function fi -X

in called analytic if for each to El 7 vs O such that ze Bo,
F(z)= Artoy , ,

for some IxuluaiEX
,
where Mis series converges absolutely

This is equivalent he saying Wat #zotel
,

the derivalive(20): (0th) - f(z0)
exists. (This equivalence requires development of the Reg

Everything in complex analysis holds
,
including Lionville's theorem : if :R +> X

is analytic and bod then it constant.

Now in HNG
,
we show the function f : P(T) -> B(X) : /1> (T-XI)" isanalytic

1) We Taylor series definities and if PCT = K
,

then t is also hold
,
heave constant

by Lionville's Run. But f is not contact , so PCT) = &
,
here 5th +0

Then (useful in may subject). For any TEB(A) , Killo
= him IITI. .

Proof
. Uses radius of convergence of Taylor series

,
will be outlined as a problem .

Cor
.
If T is a holdnormal op . On a Hilbert space H

,
When IIT"ll = 11TII"

,
heave Millolill.

Proof . To see 11T7 = Vill , use cT'x , Tix>= <T
OTX

,
T&TX) and use Heat TOT

is self-adjoint 10 11TPTIl
=PIT

*
T,x



Spectral Reory for self-adjoint and normal operators.

Spectral Here for ult-adjoint operators . Let H be an arbitrary Hilbert space. Every
self-adjoint op . TEBCH is unitarily equir to a multip . Op . My on L2(X,M),
where DEL* (X , M) and (X

, b) is a semifinite measure space.

We first prove this in a special case where T has a galic rector.

& For TEBIH)
,
a rector xeH is called T-cyclic if His the smallest Triavariant

closed subspace of Hy equivalently , (PCTX : peDCt] polynomialy is dense in H.

In a finite dimensional setting , having a calic rector implies Met dia (Ex) = 1 Exe.

Ina-din
,
we still have "no geometric multiplicity" for U(T).

Spectral New for cyclic self-adjoint operators · Every self-adjoint TEB(A) which admits
ayolic recher in unitarily equir. Do the multiplication op . My on L((

, MS,
where := id

,

i
. e. UN) = X

,
and M is a Radon probability measure on OCT).

Proofidea
.
(1) Let S+:

= 4 p(T) : pEKCt]]
,
so it is a commutative (P-algebra. Put X : = 5 (t).

Then there is a unique (
* -algebra isomorphism fitTf : ((X) =>At mapping the

identify idx to T ; indud
, idxHT extends to [id]-> KCT]

,
which extends to

((X)-At by the Stone - Weierstrass torm.

(2) Let rEH be a T-yclic Vector will Mull and check that I : <(X) +> D : fr Stor,
is a bdd linear positive functional on

< (X) with Hell = 1 .
Since X is compact Hausdoff,

Riest representation than
says
that = In for come Radon prob . meas . M on X.

Thus
, <Tor, ve = flm for each fe((X).

(3) Thee is auniquel unitary U : E(X
,M -> H such that UF = TV for all fe(CH).

(4) It remains to verify What U"TAU = Me for all fe < (X).



Galic decomposition. For each self-adjoint TEBCH) , there is a decomposition H= Hi

into T-invariant closed subspaces His H sit
. The has a cyclic recher.

Proof. Zoon's lemma gives a maximal closed T-invariant subspace M = H which admits

a decomposition M= Hi as in the statement. Maximality then implies that Mt = 0, so M= H.
It I

Putting the last two theorems together , one obtains the general spectral theorem for
all self-adjoint operators on a Hilbert space. As with compact operators,
this can be boosted to all normal operators (heave also for all unitary operators) :

-nectralterm for normal operators . Let H bean arbitrary Hilbert space. Every normal

operator TEBCH) is unitarily equivalent to a multip . Op . My on L2(X,M),
where DEL* (X , M) and (X

, b) is a semifinite measure space.

Proof idea
.

The proof for self-adjoint operators would go through if we could show that

the commutative Co-algebra At generated by T , i. e. Whe close of (pIt, TY : PEDIT.Th
is isomorphic to <IX) fr come compact X

.

Indeed
,
one could then get the

same yolic decomposition for At linstead of just i) and run the proof of the

case of the agaliz case
,
as before

.

Such a CCX) is obtained via Gelfand trans-

form : X is a certain closed subset of the closed unit ball (e A: HellE13 of
the dual ofAo with the weakt topology ,

so it's compact and the restriction

map S +> 51x : A
+
-> C(X) is an isomorphism of Ct-algebras.




